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1. Introduction
In this paper we ﬁnish the investigation started in [I]. The target is to study particular amalgams
that arise in the course of “Pushing up point stabilizers” as it is needed in the classiﬁcation of ﬁnite
groups of local characteristic p. For a more detailed description of these pushing up problems see
Section 2.1 of [MSS] and also the introduction of [I]. We give some of the relevant deﬁnitions and an
elementary motivating example.
Let H be a ﬁnite group, p be a prime dividing the order of H and S a p-Sylow subgroup of H . We
ﬁx the following notation:
Z := Ω1
(
Z(S)
)
, C := CH (Z), C := C/O p(C) and PH (S) := O p′(C).
Then H is of characteristic p if CH (O p(H)) O p(H); and H is of local characteristic p if every p-local
subgroup of H has characteristic p. Moreover, if H is of characteristic p, then PH (S) is called a point
stabilizer of H .
Now let H be of local characteristic p and F be the inverse image of F ∗(PH (S)). Suppose that
there exists a maximal p-local subgroup L containing S F , and set P := O p′(L ∩ C) and R := O p(P ).
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in PH (S), and so R  F . This establishes
R = O p(C).
As an immediate consequence one gets that either C  NH (R) L or
(∗) No non-trivial characteristic subgroup of R is normal in L.
If (∗) holds, the problem is to determine the structure of L. This is called the “Pushing up problem
for point stabilizers in L”. Usually, to solve such a problem one needs further information about L,
more precisely about L/O p(L). In Section 2.1 of [MSS] such information is given.
In Section 2.3 of [MSS] it is shown how a much more general version of the above situation arises
in the investigation of ﬁnite groups of local characteristic p. There F and L are replaced by smaller
subgroups, while C is replaced by a maximal p-local subgroup containing C . This generalization makes
the argument which at the end gives a pushing up problem for point stabilizers more complicated.
As explained in the introduction of [I], this problem can be approached studying suitable amal-
gams. One step in the analysis of these amalgams deals with the following hypothesis:
Hypothesis 1. Let p be a prime and G be a group generated by two ﬁnite subgroups L1 and L2. For
every i ∈ {1,2} put
R := L1 ∩ L2, Zi := Ω1
(
Z
(
O p(Li)
))
, Z˜ i := Zi/CZi (Li), Li := Li/O p(Li)
and suppose that the following hold:
(1) R is a p-group with CLi (Zi) R .
(2) Li ∼= SLni (qi), Sp2ni (qi), or G2(qi), where qi is a power of p and p = 2 in the last case; and Z˜ i is
the corresponding natural module for Li .
(3) There exists Si ∈ Sylp(Li) such that R  PLi (Si) and either R := O p(PLi (Si)) or Li ∼= G2(qi) and R
is elementary abelian of order q3i .
(4) Z1 Z2  O p(Li), and Z1 Z2 is not normal in Li .
(5) No non-trivial subgroup of R is normal in G .
In [I] all cases under Hypothesis I have been treated apart from those where Li/O p(Li) ∼= SLni (qi),
ni  3, i = 1,2. In this paper we will study these remaining cases. We prove:
Theorem. Let p be a prime and G a group generated by two ﬁnite groups L1 and L2 such that R := L1 ∩ L2 is
a p-group. Suppose that for Li := Li/O p(Li), Zi := Ω1(Z(O p(Li))), Z˜ i := Zi/CZi (Li) and i ∈ {1,2}:
(i) Li ∼= SLni (qi), ni  3, qi is a power of p, and Z˜i is a natural SLni (qi)-module for Li .
(ii) There exists Si ∈ Sylp(Li) such that R = O p(PLi (Si)).
(iii) Z1 Z2  O p(Li) and Z1 Z2 is not normal in Li .
(iv) No subgroup U = 1 of R is normal in G.
Then for every j ∈ {1,2} the following hold:
(a) L j ∼= SL4(2) and Z˜ j is a natural SL4(2)-module for L j .
(b) O p(L j)/Z j is isomorphic to the exterior square of the dual module Hom( Z˜ j,GF(2)) for L j .
(c) |Ω1(Z(L j))| = 2 and O p(L j)′ = Φ(O p(L j)) = Ω1(Z(L j)).
Together with the results from [I] this gives:
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hold:
(a) L j ∼= SLn(q) and Z˜ j is a natural SLn(q)-module for L j .
(b) |Ω1(Z(L j))| = q and O p(L j)′ = Φ(O p(L j)) = Ω1(Z(L j)).
Moreover one of the following holds:
(i) p = 3, n = 2 and O p(L j)/Z j is a natural SL2(q)-module for L j . Moreover |CO p(L j)/Φ(O p(L j))(S j)| = q2
and no element in S j \ O p(L j) acts quadratically on O p(L j)/Φ(O p(L j)).
(ii) q = 2, n = 4 and O p(L j)/Z j is isomorphic to the exterior square of the dual module Hom( Z˜ j,GF(2))
for L j .
2. Elementary properties
Let p be a prime and q be a power of p. In this section G = SLn(q) and V is the corresponding
natural GF(p)-module for G . Set K := EndG(V ). Then K ∼= GF(q) and V is a K-vectorspace of di-
mension n. We indicate the exterior square of V over K with Λ2(V ). Moreover, for S ∈ Sylp(G), we
set
Z := CV (S), P := O p′
(
CG(Z)
)
, Q := O p(P ).
The subgroup P is called a point stabilizer of G (on V ).
An offender (of G) on V is a subgroup A of G such that |V /CV (A)| |A/CA(V )|.
2.1. The following hold:
(a) [V ,a] = Z for every 1 = a ∈ Q , CV (Q ) = Z and |Z | = q.
(b) P/Q ∼= SLn−1(q), V /Z and Q are natural modules for P/Q dual to each other.
(c) P = O p′ (NG(Q )).
(d) Let W  V be P-invariant. Then W = V or W  Z .
(e) [v, Q ] = Z for every v ∈ V \ Z .
Proof. For (a)–(c) see [I, 3.1].
(d): Assume W  Z . Then, by (b), V = W Z , and, by (a),
Z = [V , Q ] = [W , Q ]W ,
so V = W .
(e): Let v ∈ V \ Z . By (a), 1 = [v, Q ] [V , Q ] = Z , so
[v, Q ] = [v, Q ]x = [vx, Q ] for every x ∈ P ,
so [v, Q ] = [〈v P 〉, Q ]. By (d), 〈v P 〉 = V , and, by (a), [V , Q ] = Z , so [v, Q ] = Z . 
2.2. Suppose that V is GF(p)G-isomorphic to V ∗ := Hom(V ,GF(p)). Then n = 2.
Proof. Let φ : V → V ∗ be a GF(p)G-isomorphism. Since P stabilizes the GF(p)-subspace Z⊥ :=
{ψ ∈ V ∗ | Zψ = 0} of V ∗ , it stabilizes the GF(p)-subspace Z⊥φ−1 of V . Thus Z⊥φ−1  Z , since
Z contains every proper GF(p)-subspace of V stabilized by P , by 2.1(d). Now n = 2 follows from
|Z⊥φ−1| = |Z⊥| = |V ||Z |−1. 
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(i) U := U/Z(U ) is a semisimple GF(p)G-module,
(ii) U ′ is elementary abelian and [U ′,G] = 1.
Let X and Y be simple GF(p)G-submodules of U with inverse images X and Y . Then either [X, Y ] = 1 or
X is dual to Y as a GF(p)G-module.
Proof. Assume [X, Y ] = 1. Then by (ii) there exists a maximal subgroup U0 of U ′ such that
[X, Y ]  U0. Note that U0 is normal in U , by (i), and G-invariant, by (ii). Set U˜ := U/U0. Then U˜ ′ =
[˜X, Y ] has order p, thus Hom(Y , U˜ ′) can be identiﬁed with the GF(p)G-module Y ∗ = Hom(Y ,GF(p)).
From U ′  Z(U ), [U ′,G] = 1 and |U˜ ′| = p it follows that
φ : X → Hom(Y , U˜ ′),
x → φx : Y → U˜ ′ with y → [˜x, y],
where x = xZ(U ) and y = yZ(U ), is a GF(p)G-homomorphism. Note that [˜X, Y ] = 1 yields φ = 0.
Since Y is simple, also Y ∗ is simple, so φ is a GF(p)G-isomorphism. 
2.4. Let U be a GF(p)G-module and W := [U ,G]. Assume U = WCU (G). Then the following hold:
(a) If n 3 and W = V , then p = 2, G = SL3(2) and |U/WCU (G)| = 2.
(b) If n  4 and W = Λ2(V ∗), where V ∗ := Hom(V ,GF(p)), then p = 2, G = SL4(2), |U/W | = 2 and
U/CU (G) is the 7-dimensional factor of the natural S8-permutational module. Moreover, O p(P ) is not an
offender on U .
Proof. (a) and the ﬁrst part of (b) follow from [JP, Tables B and C]. It remains to prove that O p(P )
is not an offender on U . Set U := U/CU (G) and let z ∈ U \ W . Since z is a vector of odd weight,
either CG(z) ∼= A3 × A5 or CG(z) ∼= A7; in particular CG(z) does not contain an elementary abelian
subgroup of order 23. Hence CU (O p(P )) = CW (O p(P )). Assume that O p(P ) is an offender on W .
Since no non-trivial element of W has centralizer with order divisible by 7, P has two non-central
chief-factors on W , namely CW (O p(P )) and W /CW (O p(P )). In particular, |W /CW (O p(P ))| = 23, and
so |U/CU (O p(P ))| = 24 > |O p(P )|. It follows that O p(P ) is not an offender on U . 
3. Preliminary lemmas
In this section we assume:
Hypothesis 2. Hypothesis 1 holds with Li ∼= SLni (qi) for i = 1,2.
We will apply the amalgam method to the group G := 〈L1, L2〉 and the pair of subgroups L1 and L2.
Let Γ be the coset graph of G respect the subgroups L1 and L2. We will use the elementary
properties of coset graphs and the standard notation given in [KS], the exception being the deﬁnition
of Zδ below.
For every δ ∈ Γ deﬁne
	(δ) := {λ ∣∣ d(δ, λ) = 1}, Gδ := {g ∈ G ∣∣ δg = δ},
Q δ := O p(Gδ), Gδ := Gδ/Q δ,
Z := Ω (Z(Q )), Z˜ := Z /C (G ),δ 1 δ δ δ Zδ δ
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〈
Zλ
∣∣ d(λ, δ) = 1〉, Wδ := [V δ, O p(Gδ)]Zδ,
Q̂ δ := Q δ/Zδ, Q˜ δ := Q δ/Ω1
(
Z(Gδ)
)
.
Moreover Dδ  Zδ with Dδ/Zδ = C Q̂ δ (Gδ), and Rδ  Dδ is maximal with respect to [Rδ, Q δ] Z(Gδ).
Deﬁne
b := min{d(δ, λ) ∣∣ δ,λ ∈ Γ and Zδ  Q λ}.
A pair (α,α′) of vertices is called critical if Zα  Qα′ and d(α,α′) = b. For δ ∈ Γ and γ ∈ 	(δ) we
set
Q δγ := Gδ ∩ Gγ , Zδγ := Ω1
(
Z(Q δγ )
)
,
Q δγ := Q δγ /Zδγ , Pδγ := NGδ (Q δγ ),
P∗δγ := O p
′
(Pδγ ).
The following lemma is an immediate consequence of Hypothesis 2 and 2.1(c).
3.1. For δ ∈ Γ and γ ∈ 	(δ) the following hold:
(a) Gδ is of characteristic p and CGδ (Zδ) = Q δ .
(b) Gδ ∼= SLnδ (qδ), qδ a power of p, and Z˜δ is the corresponding natural module.
(c) P∗δγ is a point stabilizer of Gδ (on Z˜δ ).
(d) Zδ Zγ  Gδ and Zδ Zγ  Gγ .
(e) Q δQ γ  Q δγ = O p(Pδγ ) and Gδ = 〈Q Gδδγ 〉.
(f) No non-trivial subgroup of Q δγ is normal in both Gδ and Gγ .
We will use some results we have proved in [I]. For the convenience of the reader we collect them
in the next lemma.
3.2. The following hold:
(a) |Zα/CZα (Zα′ )| = |Zα′/CZα′ (Zα)| for every critical pair (α,α′).
(b) For δ ∈ Γ and γ ∈ 	(δ) the following hold:
(1) Gδ = Q δ〈AGδ 〉, where A  Q δγ is a non-trivial offender on Zδ .
(2) Let R  CZδ (Q δγ ). Then R  CZγ (P∗γ δ).
(3) [Zδ, Q δγ ]Ω1(Z(Gγ )).
(c) There exist vertices α − 3, α − 2, α − 1, α, α + 1, α + 2 such that (α − i,α + 2 − i) is critical for
i = −1,0,1,2,3.
Proof. (a) is [I, 5.5 (a)], (b)(1) is [I, 5.2 (a)], (b)(2) is [I, 5.7], (b)(3) is [I, 5.13] and (c) is [I, 5.12 (1)]. 
3.3. For δ ∈ Γ and γ ∈ 	(δ) the following hold:
(a) |[ Z˜δ, Q δγ ]| = qδ = |C Z˜δ (Q δγ )|.
(b) Q δγ /Q δ is elementary abelian, moreover the only normal subgroups of Pδγ in Q δγ containing Q δ are
Q δγ and Q δ .
Proof. By 3.1(c), P∗δγ is a point stabilizer of Gδ on Z˜δ , and by 3.1(e), Q δγ = O p(P δγ ) = O p(P∗δγ ). Since
Gδ and Z˜δ satisfy the hypothesis of 2.1 by 3.1(b), we can apply 2.1 with (Gδ, Z˜δ, P∗δγ , Q δγ ) in place
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2.1(b) we get that Q δγ is elementary abelian and that the only normal subgroups of P δγ contained
in Q δγ are Q δγ and {1}. This implies (b). 
3.4. There exists a path (α − 1,α,β,α′) with (β,α − 1) and (α,α′) critical pairs. Moreover
(a) Gα = Qα〈ZGαα′ 〉 and Gβ = Q β〈Z
Gβ
α−1〉.
(b) [V δ, Q δ]Ω1(Z(Gδ)) for δ ∈ {α,β}.
(c) V δ = Wδ Zγ for {δ,γ } = {α,β}.
(d) CQ δγ (Wδ/Zδ) = CQ δγ (V δ/Zδ) = Q δ .
Proof. By 3.2(c), there exists a path (α − 1,α,α + 1,α + 2) with (α − 1,α + 1) and (α,α + 2) critical
pairs. Set β := α + 1 and α′ := α + 2.
Since (α − 1, β) is a critical pair, Zα−1  Q β . Note that Zα−1  Qα  Gβ by 3.1(e), and that
CGβ (Zβ) = Q β by 3.1(a). Thus Zα−1  Q β implies [Zα−1, Zβ ] = 1. Another application of 3.1(e)
and 3.1(a) yields Zβ  Qα  Gα−1 and CGα−1 (Zα−1) = Qα−1. Hence from [Zα−1, Zβ ] = 1 it follows
that Zβ  Qα−1, and so also (β,α − 1) is a critical pair.
By 3.2(a), Zα′ (resp. Zα−1) is a non-trivial offender on Zα (resp. Zβ ) contained in Qαβ . Thus (a)
follows from 3.2(b)(1).
Let {δ,γ } = {α,β}. Since Q δ  Q γ δ by 3.1(e), from 3.2(b)(3) we get [Zγ , Q δ]  [Zγ , Q γ δ] 
Ω1(Z(Gδ)), which gives (b).
Note that Gδ = O p(Gδ)Q δQ γ , and that V δ = 〈ZGδγ 〉, since Gδ is transitive on 	(δ).
Hence (b) yields
V δ = [Zγ ,Gδ]Zγ =
[
Zγ , O
p(Gδ)Q δ
]
Zγ 
[
V δ, O
p(Gδ)
][V δ, Q δ]Zγ Wδ Zγ  V δ,
which implies (c).
It remains to prove (d). Set C := CQ δγ (V δ/Zδ). From (c) and 3.2(b)(3) it follows that C =
CQ δγ (Wδ/Zδ). By 3.1(d), Zδ Zγ  Gδ , so [V δ,Gδ]  Zδ . Since Gδ = 〈Q Gδδγ 〉 by 3.1(e), we get [V δ, Q δγ ] 
Zδ , so C is a proper subgroup of Q δγ . Note that C contains Q δ by (b) and that C is normal in Pδγ .
Hence C = Q δ by 3.3(b). 
Notation. We ﬁx a path (α − 1,α,β,α′) as in 3.4. Note that 3.4 is symmetric in α and β .
3.5. Wδ is not abelian for δ ∈ {α,β}.
Proof. By the symmetry in α and β we can assume δ = α.
Suppose that Wα is abelian. By 3.4(c), Vα = Wα Zβ . Thus we get Wα ∩ Q β  Z(Wα Zβ) = Z(Vα).
It follows that
[Wα, Zα′ ] [Wα, Q β ]Wα ∩ Q β  Z(Vα) Gα,
and so, by 3.4(a),
[
Wα, O
p(Gα)
]

[
Wα,
〈
ZGαα′
〉]
 Z(Vα).
Since coprime action gives
[
Wα, O
p(Gα)
]
Zα =
[
Vα, O
p(Gα), O
p(Gα)
]
Zα =
[
Vα, O
p(Gα)
]
Zα = Wα,
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Wα =
[
Wα, O
p(Gα)
]
Zα  Z(Vα).
Hence also Vα = Wα Zβ is abelian, a contradiction to 3.4. 
3.6. 1 = [V δ, Vγ , Vγ ] = [Wδ, Vγ , Vγ ]  Ω1(Z(Gγ )), in particular [Wδ, Vγ , Vγ ]  Z(Gδ), for {δ,γ } =
{α,β}.
Proof. By the symmetry in α and β we can assume δ = α and γ = β . Note that 3.5 and 3.4(a) yield
1 = [Wβ, Vβ ]
[〈
Z
Gβ
α−1
〉
, Vβ, Vβ
]
,
in particular [Zα−1, Vβ, Vβ ] = 1, and so also [Vα, Vβ, Vβ ] = 1.
From 3.4(c) and 3.4(b) it follows
1 = [Vα, Vβ, Vβ ] = [Wα, Vβ, Vβ ] [Wα ∩ Vβ, Vβ ]Ω1
(
Z(Gβ)
)
.
Thus [Wα, Vβ, Vβ ]  Z(Gα), since Z(Gβ) ∩ Z(Gα) = 1 by 3.1(f). 
3.7. Zα ∩ Zβ = Zαβ = Zβα = Ω1(Z(Gα))×Ω1(Z(Gβ)). Moreover, Ω1(Z(Gγ )) = [Zδ, Q δγ ] has order qδ for
{δ,γ } = {α,β}.
Proof. From 3.1(e) and 3.1(a) we get that Zαβ  Ω1(Z(Qα)) ∩ Ω1(Z(Q β)) = Zα ∩ Zβ , and from
3.2(b)(3) and 3.1(f) that
[Zα ∩ Zβ, Qαβ ] [Zα, Qαβ ] ∩ [Zβ, Q βα] Z(Gα) ∩ Z(Gβ) = 1.
Thus Zα ∩ Zβ = Zαβ = Zβα . By 3.1(e), QαQ β  Qαβ , so by 3.1(a), Ω1(Z(Gα))Ω1(Z(Gβ)) Zα ∩ Zβ =
Zαβ = Zβα . Note that
∣∣Zαβ/Ω1(Z(Gα))∣∣= ∣∣CZα (Qαβ)/Ω1(Z(Gα))∣∣ ∣∣C Z˜α (Qαβ)∣∣= qα
by 3.3(a), and similarly |Zαβ/Ω1(Z(Gβ))| qβ .
Now Ω1(Z(Gα)) ∩ Ω1(Z(Gβ)) = {1} by 3.1(f) shows that |Zαβ |  qαqβ . On the other hand,
[Zα, Q β ] = Ω1(Z(Gβ)) has order qα by 3.2(b)(3) and 3.3(a), and similarly [Zβ, Qα] = Ω1(Z(Gα)) has
order qβ . We conclude that |Zαβ | = qαqβ and Zαβ = Ω1(Z(Gα)) × Ω1(Z(Gβ)). 
3.8. Assume Qαβ = VαQ β = Vβ Qα . Then the following hold for {δ,γ } = {α,β}:
(a) Q δ ∩ Q γ is elementary abelian.
(b) Q ′δ = Φ(Q δ) = Ω1(Z(Gδ)).
(c) CQ δ (Wδ) ∩ Q γ = CQ δ (V δ) = Zδ .
(d) [Q δ, O p(Gδ)] V δ .
Proof. By the symmetry in α and β we can assume δ = α and γ = β . Note that Qαβ = VαQ β and
3.1(e) imply
(1) Qα = Vα(Qα ∩ Q β).
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ments of order p. Now (1) implies
(2) Φ(Qα)Ω1(Z(Gα))Φ(Qα ∩ Q β)Ω1(Z(Gα))Φ(Q β).
By 3.3(b), Q βα′/Qα′ is elementary abelian, so Φ(Q β) Qα′ and thus from (2) it follows
(3) Φ(Qα)Ω1(Z(Gα))Qα′ .
From (3) we get [Φ(Qα), Zα′ ] = 1, so also [Φ(Qα), 〈ZGαα′ 〉] = 1. Hence [Φ(Qα), O p(Gα)] = 1 by 3.4(a).
A symmetric argument for β yields [Φ(Q β), O p(Gβ)] = 1. Since Φ(Qα ∩ Q β)  Φ(Qα) ∩ Φ(Q β)
and Φ(Qα ∩ Q β) QαQ β , we conclude that Φ(Qα ∩ Q β) is normal in 〈QαQ β, O p(Gα), O p(Gβ)〉 =
〈Gα,Gβ 〉 and so Φ(Qα ∩ Q β) = 1 by 3.1(f). This proves (a).
Now (a) and (2) yield Φ(Qα)Ω1(Z(Gα)). On the other hand, Zβ  Vα  Q β and, by 3.7,
Ω1
(
Z(Gα)
)= [Zβ, Qαβ ] = [Zβ, VαQ β ] = [Zβ, Vα]Φ(Qα).
This gives (b).
From 3.4(c) and 3.1(a) we get that
CQα (Wα) ∩ Q β = CQα (Vα) CQα (Zβ) Qα ∩ Q β.
Hence (c) follows from (a) and (1).
Finally, (1) and 3.4(b) give
[Qα, Zα′ ] =
[
Vα(Qα ∩ Q β), Zα′
]
 Vα[Q β, Vβ ] Vα,
thus (d) follows from 3.4(a). 
4. The case nα  3 and nβ  3
In this section we use the set-up and notation of the previous section, and we assume:
Hypothesis 3. Hypothesis 2 holds with ni  3 for i = 1,2.
4.1. For δ ∈ {α,β} the following hold:
(a) Gδ ∼= SL4(2) and Z˜δ is a natural SL4(2)-module for Gδ .
(b) Q δ/Zδ is isomorphic to the exterior square of the dual module Hom( Z˜δ,GF(2)) (over GF(qδ)) for Gδ .
(c) |Ω1(Z(Gδ))| = 2 and Q ′δ = Φ(Q δ) = Ω1(Z(Gδ)).
Proof. Note that Gδ is perfect since nδ  3. Hence Gδ = O p(Gδ) and Gδ = Q δO p(Gδ).
Recall that X̂ denotes the image of X  Q δ in Q̂ δ = Q δ/Zδ . By 3.4(b), Ŵδ is a Gδ-module. Hence,
by the deﬁnition of Wδ ,
Ŵδ =
[
Ŵδ, O
p(Gδ)
]= [Ŵδ,Gδ].
In particular, by 3.4(d), Ŵδ = 1.
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∣∣∣∣ ∣∣∣∣ VβVβ ∩ Qα
∣∣∣∣.
By 3.4(b), [Wα ∩ Q β, Vβ ] Zα , so ̂Wα ∩ Q β  CŴα (V β). Thus we have∣∣Ŵα/CŴα (V β)∣∣ |Ŵα/ ̂Wα ∩ Q β | = |Wα/Wα ∩ Q β | |Vα/Vα ∩ Q β | |V β |. (∗)
Hence V β is an offender on Ŵα . For δ ∈ Γ and γ ∈ 	(δ), set
Z˜∗δ := Hom
(
Z˜δ,GF(p)
)
, Kδ := EndGδ
(
Z˜∗δ
)∼= GF(qδ) and(
Z˜δ/C Z˜δ (V γ )
)∗ := Hom( Z˜δ/C Z˜δ (V γ ),GF(p)).
Since nα > 2, applying [MS, 3.8] we get that one of the following hold:
(I) Ŵα is a natural GF(p)Gα-module isomorphic to Z˜α or to Z˜∗α .
(II) Ŵα = Ŵ1 ⊕ · · · ⊕ Ŵm where m > 1, Zα Wi and Ŵ i is a natural GF(p)Gα-module isomorphic
to Z˜∗α .
(III) Qαβ = Vβ Qα , nα = 3, qα = 2, |Ŵα | = 24 and Ŵα/CŴα (Gα) is a natural GF(p)Gα-module iso-
morphic to Z˜α .
(IV) nα  4, Qαβ = Vβ Qα and CŴα (V β) = [Ŵα, V β ]. Moreover, Ŵα is isomorphic to the exterior
square Λ2( Z˜∗α) of Z˜∗α over Kα , V β is a natural GF(p)SLnα−1(qα)-module for P∗αβ isomorphic to
( Z˜α/C Z˜α (V β))
∗ , Ŵα/CŴα (V β) is a Kα P
∗
αβ -module isomorphic to V β , and CŴα (V β) is a Kα P
∗
αβ -
module isomorphic to the exterior square Λ2(V β) of V β over Kα .
We will proceed by steps, studying each of the cases above. First we prove:
(1) U is abelian, for every U Wα with U/Zα a natural GF(p)Gα-module.
Assume there exists Zα  U  Wα such that U is non-abelian and U/Zα is a natural GF(p)Gα-
module. Then the irreducibility of U/Zα gives Z(U ) = Zα < U and, by 3.4(b), U ′ is elementary abelian
and centralized by Gα . Thus, we can apply 2.3 with Gα in place of G and U = X = Y . Since U ′ = 1,
we get that Û is isomorphic to Hom(Û ,GF(p)) as a GF(p)Gα-module. Now 2.2 yields nα = 2, a con-
tradiction to our assumptions.
In particular, from 3.5 and (1) we get:
(2) Case (I) does not occur.
We now prove:
(3) Case (II) does not occur.
Assume by contradiction Ŵα = Ŵ1 ⊕ · · · ⊕ Ŵm with m > 1 and Ŵ i a natural GF(p)Gα-module iso-
morphic to Z˜∗α for every i ∈ {1, . . . ,m}. By (1), Wi is abelian for every i ∈ {1, . . . ,m}, and by 3.5, Wα is
not abelian. Thus there exist j,k ∈ {1, . . . ,m}, with j = k, such that [W j,Wk] = 1. Set L := 〈W j,Wk〉
and note that Z(L) = Zα . From 3.4(b) it follows that L′ is elementary abelian and centralized by Gα .
Hence we can apply 2.3 with (Gα, L,W j,Wk) in place of (G,U , X, Y ). We get that Ŵ j is GF(p)Gα-
isomorphic to Ŵ ∗k = Hom(Ŵk,GF(p)). Thus
Ŵk ∼= Z˜∗α ∼= Ŵ j ∼= Ŵ ∗k ,
and 2.2 gives nα = 2, a contradiction. 
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(4) Rδ  CQ δ (Wδ) for δ ∈ {α,β}.
Since [Dδ,Gδ, Q δ] = 1, the 3-subgroups lemma yields [Gδ, Q δ, Dδ][Q δ, Dδ,Gδ] = 1. Thus [Gδ, Q δ,
Rδ] = 1, and so [Wδ, Rδ] = 1.
Note that from 3.4(b), (4) and 3.5 it follows that
Dα ∩ Wα = Rα ∩ Wα  Z(Wα) < Wα.
(5) Case (III) does not occur.
Assume by contradiction that Ŵα/CŴα (Gα) is a natural GF(p)Gα-module. Then Wα/Dα ∩ Wα
is Gα-irreducible, and so Dα ∩ Wα = Z(Wα). We now proceed as in the proof of (1). Since W ′α is
elementary abelian and central in Gα by 3.4(b), we can apply 2.3 with Gα in place of G and Wα in
place of U = X = Y . Wα is not abelian by 3.5, hence we conclude that Wα/Z(Wα) is isomorphic to
Hom(Wα/Z(Wα),GF(p)). Now 2.2 yields nα = 2, a contradiction to our assumptions.
Hence case (IV) holds. In particular
∣∣Ŵα/CŴα (V β)∣∣= qnα−1α = ∣∣O p(P∗αβ)∣∣= |Q αβ | = |V β |.
Now (∗) implies
qnα−1α =
∣∣Ŵα/CŴα (V β)∣∣ |Wα/Wα ∩ Q β | |Vα/Vα ∩ Q β | |V β | = qnα−1α .
Thus
∣∣∣∣ WαWα ∩ Q β
∣∣∣∣= ∣∣∣∣ VαVα ∩ Q β
∣∣∣∣= ∣∣∣∣ VβVβ ∩ Qα
∣∣∣∣= qnα−1α .
Hence the conﬁguration is symmetric in α and β . The above argument with β in place of α yields:
q
nβ−1
β =
∣∣∣∣ VαVα ∩ Q β
∣∣∣∣= ∣∣∣∣ VβVβ ∩ Qα
∣∣∣∣= qnα−1α .
We conclude:
(6) For {δ,γ } = {α,β} the following hold: nδ  4, Q δγ = Vγ Q δ = V δQ γ and CŴδ (Q δγ ) = [Ŵδ, Q δγ ].
Moreover Ŵδ is isomorphic to the exterior square Λ2( Z˜∗δ ) of Z˜∗δ over Kδ , V γ is a natu-
ral GF(p)SLnδ−1(qδ)-module for P∗δγ isomorphic to ( Z˜δ/C Z˜δ (Q δγ ))
∗ , Ŵδ/CŴδ (V γ ) is a Kδ P
∗
δγ -
module isomorphic to V γ , and CŴδ (V γ ) is a Kδ P
∗
δγ -module isomorphic to the exterior square
Λ2(V γ ) of V γ over Kδ . In particular, |Ŵδ | = qnδ(nδ−1)/2δ and |CŴδ (Q δγ )| = q
(nδ−1)(nδ−2)/2
δ .
Note that Ŵα is Gα-irreducible, thus Z(Wα) = Zα , by 3.5. Moreover, we can apply 3.8, since Qαβ =
Vβ Qα = VαQ β . We now show:
(7) nα = nβ = 4 and qα = qβ =: q.
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with W ′α  K . Then the irreducibility of Ŵα yields Z(Wα/K ) = Zα/K . For w ∈ Wα and x ∈ Wα ∩ Q β
deﬁne τx ∈ Hom(Wα/Wα ∩ Q β,Ω1(Z(Gα))/K ) such that
τx : w(Wα ∩ Q β) → [w, x]K .
Note that τx is well deﬁned since Wα ∩ Q β is abelian by 3.8(a). Let
τ : Wα ∩ Q β → Hom
(
Wα
Wα ∩ Q β ,
Ω1(Z(Gα))
K
)
with x → τx.
Then τ is a homomorphism and Ker(τ )/K = Z(Wα/K ) = Zα/K , so
|Wα ∩ Q β/Zα|
∣∣Hom(Wα/Wα ∩ Q β,Ω1(Z(Gα))/K )∣∣
= ∣∣Hom(Wα/Wα ∩ Q β,GF(p))∣∣= |Wα/Wα ∩ Q β |
= |Vα/Vα ∩ Q β | = |V β | = qnα−1α .
In particular,
qnα(nα−1)/2α = |Ŵα | =
∣∣∣∣ WαWα ∩ Q β
∣∣∣∣∣∣∣∣Wα ∩ Q βZα
∣∣∣∣ q2(nα−1)
and so from nα  4 we get nα = 4. With a symmetric argument also nβ = 4. Now from qnα−1α = qnβ−1β
it follows qα = qβ =: q.
Note that from (6) and (7) it follows:
(8) Λ2(V β) and Z˜α/C Z˜α (V β) are isomorphic Kα P
∗
αβ -modules.
Next we prove:
(9) C Q˜ δ (Q δγ ) = Z˜γ and Zγ  Pδγ , for {δ,γ } = {α,β}.
By the symmetry in α and β , we can assume δ = α and γ = β . Let Kα be the inverse image in
Qα of C Q˜α (Qαβ). Then [Kα,Wβ ]  [Kα, Q β ]  Ω1(Z(Gα))  Zβ and so Kα  CQα (Wβ/Zβ). Since
Qα  Q βα , we conclude from 3.4(d) that Kα  Q β . Thus by 3.8(b), [Kα, Q β ] Q ′β Ω1(Z(Gβ)), and
so [Kα, Q β ]Ω1(Z(Gα))∩Ω1(Z(Gβ)) = 1. Now 3.8(c) yields Kα  CQβ (Vβ) = Zβ . On the other hand,
Zβ  Kα by 3.2(b)(3). Hence C Q˜α (Qαβ) = K˜α = Z˜β . Now Zβ  Pαβ follows from Pαβ = NGα (Qαβ).
(10) Wδ = V δ = Q δ for δ ∈ {α,β}; in particular, Ẑγ = CŴδ (V γ ) = [Ŵδ, V γ ] is a natural Kδ P∗δγ -
module for {δ,γ } = {α,β}.
We can assume δ = α and γ = β . From (6) and (7) it follows that CŴα (V β) = CŴα (Q αβ) =
[Ŵα, Q αβ ] = [Ŵα, V β ] has order q3. Since Ẑβ  CV̂α (V β) and | Ẑβ | = q3 by 3.7, for proving (10)
it suﬃces to prove that Wα = Vα = Qα .
By 3.8(b), Q̂α is elementary abelian and Rα = Dα , where Rα and Dα are deﬁned at the beginning
of Section 3. Moreover, 3.8(d) and coprime action give [Q̂α, O p(Gα)] = Ŵα . Since (Qα ∩ Q β)/Zα 
C Q̂ (V β) by 3.4(b) and Qα = Vα(Qα ∩ Q β) by (6),α
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∣∣∣∣ ∣∣∣∣ QαQα ∩ Q β
∣∣∣∣= ∣∣∣∣ VαVα ∩ Q β
∣∣∣∣
and |Vα/(Vα ∩ Q β)| = |Vβ/(Vβ ∩ Qα)| = |V β |. Hence V β is an offender on Q̂α .
Assume Q̂α = Ŵα D̂α . Then an application of 2.4(b) with (Gα, Q̂α, Ŵα, Z˜α, P∗αβ) in place of
(G,U ,W , V , P ) shows that O p(P∗αβ) = Q αβ is not an offender on Q̂α . But Q αβ = V β by (6), a con-
tradiction.
Hence Q̂α = Ŵα D̂α , and from (4) we get
Q̂α = Ŵα D̂α = Ŵα R̂α = Ŵα ̂CQα (Wα). (∗∗)
In particular, from (∗∗) and (6) it follows
V̂α = ŴαCV̂α (Gα) and CV̂α (Pαβ) = CV̂α (Gα). (∗ ∗ ∗)
Note that Ŵα ∩ Zβ is a GF(p)Pαβ -submodule of CŴα (V β) by (9), and that CŴα (V β) is an irreducible
Kα P∗αβ -module by (6) and (8). Thus either Ŵα ∩ Zβ = 1 or Ŵα ∩ Zβ = CŴα (V β).
Assume Ŵα ∩ Zβ = 1. Since by (9), Zβ  Pαβ , from (∗∗) we get
[ Ẑβ, Pαβ ] [V̂α, Pαβ ] ∩ Ẑβ  Ŵα ∩ Ẑβ = Ŵα ∩ Zβ = 1,
and so Ẑβ  CV̂α (Pαβ) = CV̂α (Gα), by (∗ ∗ ∗). This gives a contradiction to 3.1(d).
We have proved that Ŵα ∩ Zβ = CŴα (V β) Ẑβ . A comparison of orders gives CŴα (V β) = Ẑβ , so
Vα = Wα by 3.4(c).
We are left to prove that Qα = Wα . But this follows from (∗∗) since by 3.8(c), CQα (Vα) = Zα .
(11) Ẑβ is isomorphic to Zα as a Kα P∗αβ -module, and to Zβ as a Kα Pαβ -module.
From (10), (6) and (8) we have the following Kα P∗αβ -isomorphisms
Ẑβ = [Ŵα, V β ] ∼= Λ2(V β) ∼= Z˜α/C Z˜α (V β) = Z˜α/C Z˜α (Q αβ).
On the other hand, (9) and 3.7 yield that Z˜α/C Z˜α (Q αβ) is Kα Pαβ -isomorphic to Zα , and that Ẑβ is
Kα Pαβ -isomorphic to Zβ .
(12) Let x ∈ Vβ \ Qα . Then |[V α, x]| = q2, and [V α, x] is an irreducible KαCP∗αβ (x)-module.
Observe that CP∗αβ
(x) ∼= q3+2SL2(q) and that
∣∣V̂α/CV̂α (x)∣∣= ∣∣[V̂α, x]∣∣= q2.
Thus [V̂α, x] is a hyperplane of Ẑβ as a vectorspace over Kα . Since [V̂α, x] is CP∗αβ (x)-invariant,
from (11) we get that CP∗αβ
(x) acts as a hyperplane stabilizer on Zα . Hence, to prove (12), it suf-
ﬁces to show that |[V α, x]| = |[V̂α, x]|. Clearly∣∣[V α, x]∣∣= ∣∣V α/C (x)∣∣ ∣∣V̂α/CV̂ (x)∣∣.V α α
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q2 = ∣∣[V̂α, x]∣∣= ∣∣[V α, x]/([V α, x] ∩ Zα)∣∣
it follows that [V α, x] ∩ Zα = 1, and so by the action of CP∗αβ (x) on Zα , |[V α, x] ∩ Zα |  q
2 and
|[V α, x]| q4. But Zα Zβ  CV α (x) and so
q3 = ∣∣V α/Zα Zβ ∣∣ ∣∣V α/CV α (x)∣∣= ∣∣[V α, x]∣∣,
a contradiction.
(13) Zα and Ẑβ are isomorphic Kα Pαβ -modules.
Let x ∈ Vβ \ Qα and T ∈ Sylp(P∗αβ) such that [T , x]  Qα . By (12), [V α, x] is normalized by T .
Moreover, [V α, x]  Zα × Zβ , by (10). Thus [V α, x] ∩ CZα×Zβ (T ) = 1. Since there are exactly q + 1
Kα P∗αβ -modules in Zα × Zβ by (11) and [G, 3.5.6], from |CZα×Zβ (T )| = |CZα (T )× CZβ (T )| = q
2 it fol-
lows that each 1-dimensional Kα-subspace of CZα×Zβ (T ) is contained in exactly one Kα P
∗
αβ -module.
Hence there exists a Kα P∗αβ -module D with [V α, x] ∩ D = 1, and (12) gives [V α, x]  D . By 3.8(b),
(10) and 3.7, Φ(Q αβ) = [V α, Vβ ], so
Φ(Q αβ) =
[
V α,
〈
xP
∗
αβ
〉]= D.
Clearly Zα = Zβ , and by 3.6, Zβ = Φ(Q αβ) = Zα . Thus
Zα × Zβ = Zα × Φ(Q αβ) = Zβ × Φ(Q αβ).
Note that Pαβ normalizes Zα , Φ(Qαβ), and also Zβ , by (9). Hence we conclude that Zα , Zβ and
Φ(Q αβ) are isomorphic Kα Pαβ -modules. Now (13) follows from (11).
Set Eα := Hom( Z˜α,Kα). Then:
(14) Zα and [Λ2(Eα), V β ] are isomorphic Kα Pαβ -modules.
Since Z˜∗α and Eα are isomorphic KαGα-modules, Ŵα and Λ2(Eα) are KαGα-isomorphic by (6), and
so [Λ2(Eα), V β ] and Ẑβ = [Ŵα, V β ] are Kα Pαβ -isomorphic by (10). Hence (14) follows from (13).
(15) q = 2.
By (6) and 3.7, [ Z˜α, V β ] = [ Z˜α, Q αβ ] = Z˜αβ has order q. Let u1, . . . ,u4 be a basis of Z˜α over Kα
such that [ Z˜α, V β ] = 〈u1〉, and let u∗1, . . . ,u∗4 be the dual basis of Eα . Set wij := u∗i ∧ u∗j , for i, j =
1, . . . ,4. Then wij , i < j, is a basis of Λ2(Eα). Since CEα (V β) = 〈u∗2,u∗3,u∗4〉, from (6) it follows that
CΛ2(Eα)(V β) = [Λ2(Eα), V β ] = 〈w23,w24,w34〉.
We now identify Kα with GF(q).
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( a O
1
1
O a−1
)
.
Then x acts on Zα ∼= Z˜α/ Z˜αβ as
( 1 O
1
O a−1
)
, and x acts on [Λ2(Eα), V β ] as
( 1 O
a
O a
)
. In particular,
|C
Zα
(x)| > |C[Λ2(Eα),V β ](x)|, a contradiction to (14).
We now deduce (a)–(c) of 4.1.
Let δ ∈ {α,β}. Since the conﬁguration is symmetric in α and β , we can assume δ = α.
By (7) and (15), nα = nβ = 4 and qα = qβ = 2. This implies (a), since Z˜α is a natural Gα-module.
Note that Z˜∗α = Hom( Z˜α,GF(2)). Hence (6) and (10) yield Qα/Zα = Q̂α = Ŵα ∼= Λ2(Hom( Z˜α,
GF(2))). This gives (b).
By 3.7, |Ω1(Z(Gα))| = qβ = 2. Since Qαβ = VαQ β = Q βVα by (6), Q ′α = Φ(Qα) = Ω1(Z(Gα))
by 3.8(b). This gives (c).
Proof of Theorem. Let {i, j} = {1,2}. Let δ be the coset Li and δ + 1 be the coset L j . Then δ and
δ + 1 are adjacent with vertex stabilizers Gδ = Li and Gδ+1 = L j respectively. By 3.4, there exists a
path (α − 1,α,β,α′) with (β,α − 1) and (α,α′) critical pairs. Since G acts edge-transitively on Γ
(see [KS]), we may assume that δ = α and δ + 1 = β . Now the theorem follows from 4.1. 
Proof of Main Theorem. Assume there exists i ∈ {1,2} such that Li ∼= Sp2ni (qi). Then (a), (b) and (i)
hold, by Theorem 31 of [I]. Otherwise, by Theorem 2 of [I], L j ∼= SLn j (q j), with n j  3, for every
j ∈ {1,2}, and (a), (b), (ii) follow from the theorem. 
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